After establishing a comparison result of the nonlinear Riemann-Liouville fractional differential equation of order p ∈ (2, 3], we obtain the existence of maximal and minimal solutions, and the uniqueness result for fractional differential equations. As an application, an example is presented to illustrate the main results.
Introduction
In the past years, much attention has been devoted to the study of fractional differential equations due to the fact that they have many applications in a broad range of areas such as physics, chemistry, aerodynamics, electrodynamics of complex medium and polymer rheology. Many existence results of solutions to initial value problems and boundary value problems for fractional differential equations have been established in terms of all sorts of methods; see, e.g., [-] and the references therein. Generally speaking, it is difficult to get the exact solution for fractional differential equations. To obtain approximate solutions of nonlinear fractional differential problems, we can use the monotone iterative technique and the lower and upper solutions. This technique is well known and can be used for both initial value problems and boundary value problems for differential equations [-] . Recently, this method has also been applied to initial value problems and boundary value problems for fractional differential equations; see [-] . To the best of our knowledge, there is still little utilization of the monotone iterative method to a fractional differential equation of order p ∈ (, ].
Consider the following nonlinear fractional differential equations:
where D p is the standard Riemann-Liouville derivative and p ∈ (, ]. In this paper, we
give some sufficient conditions, under which such problems have extremal solutions. To formulate such theorems, we need the corresponding comparison results for fractional differential inequalities by use of the Banach fixed point theorem and the method of successive approximations. An example is added to verify assumptions and theoretical results. For convenience, let us set the following notations:
Preliminaries
For the convenience of the reader, we present here the necessary definitions from fractional calculus theory. These definitions and properties can be found in the recent literature; see [-] .
provided that the right-hand side is pointwise defined on (, ∞).
Definition . ([])
The Riemann-Liouville fractional derivative of order p >  of a continuous function f : (, ∞) → R is given by
where n - ≤ p < n, provided that the right-hand side is pointwise defined on (, ∞).
For brevity, let us take E = {u :
in which the norm is defined by
. Throughout this paper, the partial ordering is always given by P.
The following are the existence and uniqueness results of a solution for a linear boundary value problem, which is important for us in the following analysis.
is given by
where G(t, s) is Green's function given by
The following properties of Green's function play an important part in this paper.
Lemma . ([]) The function G(t, s) defined by (.) satisfies the following conditions:
then the linear boundary value problem
has exactly one solution given by
where
and
Proof Using Lemma ., it is easy to show that problem (.) is equivalent to the following integral equation:
i.e.,
We write in the form x = Tx, where T is defined by the right-hand side of (.). Clearly,
. Now, we have to show that the operator T has a unique fixed point. To do this, we will prove that T is a contraction map. In fact, by Lemma ., for x, y ∈ C[, ], we obtain
This and condition (.) prove that problem (.) has a unique solution x(t) given by
Applying the method of successive approximations, it is easy to see that
Substituting (.) into (.), we get (.) and the proof is complete.
Lemma . Suppose that the constant M given in Lemma . satisfies inequality (.) and
Then the function H(t, s) has the following properties:
Proof It follows from the expression of G n (t, s) that G n (t, s) ≤  when n is odd and G n (t, s) ≥  when n is even. By Lemma ., we obtain that
Consequently, we have
(notice that (.) is equivalent to the inequality K  > ) and
This completes the proof.
Let
It is obvious that P  is a cone and P  ⊂ P. We define the operator S :
H(t, s)x(s) ds, t ∈ [, ], x ∈ C[, ]. (.)
It is clear that S is a linear operator, and the operator equation x = Sσ is equivalent to the existence of a solution for the problem
Lemma . S is a completely continuous operator and S(P) ⊂ P  .
Proof Applying the Arzela-Ascoli theorem and a standard argument, we can prove that S is a completely continuous operator. In the following, we prove that S(P) ⊂ P  . In fact, for any x ∈ P, it follows from Lemma . that
which implies that
On the other hand, by Lemma . again, we have
which together with (.) implies
Therefore, S(P) ⊂ P  . This completes the proof.
Lemma . Suppose that x ∈ E satisfies
where M satisfies (.), (.) and
By Lemma ., (.) holds. By the proof of Lemma ., we have
)  .
Thus, by (.) and Lemma ., we have that x(t) ≥  for t ∈ [, ], and the lemma is proved.
Lemma . ([]) Suppose that S : C[, ] → C[, ] is a completely continuous linear operator and S(P) ⊂ P. If there exist ψ ∈ C[, ]\(-P) and a constant c >  such that cSψ ≥ ψ, then the spectral radius r(S) =  and S has a positive eigenfunction corresponding to its first eigenvalue
Lemma . Suppose that S is defined by (.), then the spectral radius r(S) =  and S has a positive eigenfunction ϕ * (t) corresponding to its first eigenvalue λ  = (r(S)) - .
Proof By Lemma ., H(t, s) >  for all t, s ∈ (, ). Take
by Lemma . we have
So there exists a constant c >  such that c(Sψ)(t) ≥ ψ(t), ∀t ∈ [, ]. From Lemma ., we know that the spectral radius r(S) =  and S has a positive eigenfunction corresponding to its first eigenvalue λ  = (r(S)) - . This completes the proof.
Main results
In this section, we prove the existence of extremal solutions and the uniqueness result of differential equation (.). We list the following assumptions for convenience.
where α  (t) ≤ y ≤ x ≤ β  (t) and M satisfies (.), (.) and (.).
Theorem . Suppose that (H  ) and (H  ) hold. Then there exist monotone iterative sequences {α n (t)}, {β n (t)} which converge uniformly on [, ] to the extremal solutions of prob-
Proof First, for any α n- , β n- , n ≥ , we define two sequences {α n (t)}, {β n (t)} by relations
By Lemma ., {α n (t)}, {β n (t)} are well defined. Moreover, {α n (t)}, {β n (t)} can be rewritten as follows:
Next, we show that {α n (t)}, {β n (t)} satisfy the property Thus, by induction, we have
Applying the standard arguments and Lemma ., we have that Then BVP (.) has a unique solution in , i.e., α * = β * .
